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We present exact spherically symmetric null dust solutions in the third order Lovelock gravity
with a string cloud background in arbitrary N dimensions,. This represents radiating black holes
and generalizes the well known Vaidya solution to Lovelock gravity with a string cloud in the
background. We also discuss the energy conditions and horizon structures, and explicitly bring
out the effect of the string clouds on the horizon structure of black hole solutions for the higher
dimensional general relativity and Einstein-Gauss-Bonnet theories. It turns out that the presence
of the coupling constant of the Gauss-Bonnet terms and/or background string clouds completely
changes the structure of the horizon and this may lead to a naked singularity. We recover known
spherically symmetric radiating models as well as static black holes in the appropriate limits.
PACS numbers: 04.20.Jb, 04.70.Bw, 04.40.Nr, 0.4.70.Dy
I. INTRODUCTION
As demanded by string theory and various higher di-
mensional scenarios, black holes in N(> 4)-dimensional
spacetimes must have higher curvature corrections.
Among the various gravity theories with higher curva-
ture correction terms, the so-called Lovelock gravity [1] is
quite special. Lovelock [1] found the most general second
rank tensor with vanishing divergence being constructed
from the second derivative of the metric. Hence, its equa-
tions of motion contain the most symmetric conserved
tensor with no more than two derivatives of the metric,
and it has been proven to be free of ghosts [2, 3]. Lovelock
gravity is one of the higher derivative gravity theories,
a natural generalization of Einstein’s general relativity,
first introduced by David Lovelock [1]. The Lovelock ac-
tion in N(≥ 4)-dimensional spacetime is given by
I =
1
2κ2N
∫
dNx
√−g
[N/2]∑
p=0
α(p)L(p) + Imatter , (1)
L(p) :=
1
2p
δ
µ1···µpν1···νp
ρ1···ρpσ1···σpR
ρ1σ1
µ1ν1 · · ·R ρpσpµpνp , (2)
where κN :=
√
8πGN . We assume κ
2
N > 0 without any
loss of generality, α(p) is an arbitrary constant with di-
mension (length)2(p−1), and L(p) is the Euler density of a
2p-dimensional manifold. The δ symbol denotes a totally
anti-symmetric product of Kronecker deltas, normalized
to take values 0 and ±1 [1], which are defined by
δ
µ1···µp
ρ1···ρp :=p! δ
µ1
[ρ1
· · · δµpρp]. (3)
The quantity α(0) is related to the cosmological constant
Λ by α(0) = −2Λ. Among these terms, the first term
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is the cosmological constant term, the second term is
the Einstein general relativity (GR) term, and the third
and fourth terms are the second order Lovelock (Gauss-
Bonnet) and third order Lovelock terms, respectively. In
this paper, we restrict ourselves to consider the latter
three terms of Lovelock gravity, i.e., we start with GR
without a cosmological constant.
In Lovelock gravity, the case which attracts most at-
tention and which is most extensively studied is the so-
called Einstein-Gauss-Bonnet (EGB) gravity. The EGB
gravity is a special case of the Lovelock theory of gravita-
tion, whose existence naturally appears in the low energy
effective action of heterotic sting theory [4]. The spheri-
cally symmetric static black hole in the EGB gravity was
first considered by Boulware and Deser [3]; this kind of
solution for third order Lovelock gravity has been intro-
duced in [5]. Exact solutions of the former can be found
in [6], and the latter in [7–10]. The corresponding EGB
black holes in a string cloud model was considered in
[9, 11]. Also, several nonstatic Vaidya-like spherical ra-
diating black hole solutions have been obtained in EGB
gravity [12–14].
It would be interesting to consider further nonstatic
or radiating generalizations of static black hole solutions
[6, 7]. It is the purpose of this Letter to obtain an exact
nonstatic solution in the second and third order Lovelock
theory in the presence of null dust with a cloud of strings
in the background. We shall present a class of nonstatic
solutions describing the exterior of radiating black holes
with null dust endowed with a cloud of strings, i.e., an
exact Vaidya-like solution in the second and third order
Lovelock theory for a string cloud model. The radiating
black hole solution in GR was obtained by Vaidya [15]
which is a solution of Einstein’s equations with spherical
symmetry for a null fluid, i.e., the radially propagating
radiation source. The nonstatic Vaidya [15] geometry of-
fers a more realistic background than static geometries,
where all back reaction is ignored. It is possible to model
2the radiating star by matching it to the exterior Vaidya
spacetime (see [16, 17] for reviews on the Vaidya solu-
tion and [18] for the higher-dimensional version). On the
other hand relativistic strings can be used to describe the
large scale anisotropy of the universe [19], and also to de-
scribe extended objects in general relativity [20], e.g., to
model stars [21], and black holes [11].
In this paper we are concerned with radiating black
hole solutions in Lovelock theory. We discuss how higher
order curvature corrections in a string cloud background
alter black hole solutions and their qualitative features we
know from our knowledge of black holes in GR. Particular
attention will be given to the simpler Gauss-Bonnet case
which exhibits most of the relevant qualitative features.
We obtain N -dimensional spherically symmetric radiat-
ing black hole solutions in a string cloud background with
the three terms of Lovelock gravity which are Einstein or
GR, Gauss-Bonnet and third order Lovelock terms, and
analyze their properties and horizon structures. The fam-
ily of solutions discussed here belongs to a Type II fluid.
However, when the matter field degenerates to a Type
I fluid, we can regain the static black hole solutions [8].
In particular, our results in the limit α → 0 and β → 0
generate models vis-a`-vis N -dimensional relativistic so-
lutions [18, 23].
II. THE STRING-CLOUD MODEL
The main aim of this paper is to study black hole so-
lutions in N -dimensional Lovelock gravity coupled to a
string cloud and discuss their properties. Expressed in
terms of Eddington coordinates, the metric of a general
spherically symmetric spacetime in N -dimensions [18]
reads
ds2 = −A(v, r)2f(v, r) dv2+2ǫA(v, r) dv dr+r2(dΩN−2)2.
(4)
In the above dΩ2N−2 is the metric on the (N − 2)-sphere
given by
(dΩN−2)
2 = dθ21 + sin
2(θ1)dθ
2
2 + sin
2(θ1) sin
2(θ2)dθ
2
3
+ . . .+



N−2∏
j=1
sin2(θj)

 dθ2N−1

 . (5)
Here A(v, r) is an arbitrary function. It is useful to in-
troduce a local mass function m(v, r) defined by [18]
f(v, r) = 1− 2m(v, r)
(N − 3)r(N−3) .
When m(v, r) = M(v) and A = 1, the metric reduces
to the N -dimensional Vaidya metric [18, 25]. Initially
m(v, r) = m0 provides the vacuum Schwarzschild solu-
tion in the region r > 2m0 > 0. The metric in N -
dimensional spherically symmetric spacetime is given in
terms of the advanced time coordinate v. Using the
Newman-Penrose null tetrad formalism the principal null
vectors lµ, nµ are of the form [21]
lµ = δ
v
µ, nµ = −
f
2
δvµ + δ
r
µ, (6)
where lµl
µ = nµn
µ = 0, lµn
µ = −1. The metric (4)
admits an orthonormal basis defined by unit vectors
vˆµ = −f1/2δvµ + f−1/2δrµ, rˆµ = f−1/2δrµ, (7)
θˆµ = rδ
θ
µ, φˆ(θ1)µ = r sin θ1δ
φ(θ1)
µ ,
φˆ(θ2)µ = r sin θ1 sin θ2δ
φ(θ2)
µ ,
φˆ(θn)µ = r sin θ1 sin θ2. . . sin θnδ
φ(θn)
µ . (8)
with n = N − 2. Here, we are interested in the Vaidya-
like radiating black hole solution for a cloud of strings
in Lovelock gravity. Hence the energy momentum tensor
we consider includes both a null dust and a string fluid,
i.e., a two-fluid description of radial strings and outward
flowing short-wavelength photons that is null dust [21].
In order to see the two-fluid description we use the above
timelike unit velocity vector vˆµ and unit spacelike vectors
rˆµ, θˆµ, φˆµ(θn) such that
gµν = vˆµvˆν − rˆµrˆν − θˆµθˆν − φˆ(θ1)µφˆ(θ1)ν
−φˆ(θ2)µφˆ(θ2)ν − . . . − φˆ(θn)µφˆ(θn)ν . (9)
Next, we consider the theory of a cloud of strings (see [20]
for further details). The Nambu-Goto action of a string
evolving in the higher dimensional spacetime is given by
IS =
∫
Σ
L dλ0dλ1, L = m(γ)1/2,
where m is a positive constant that characterizes each
string, (λ0, λ1) is a parametrization of the world sheet Σ
with λ0 and λ1 being timelike and spacelike parameters
[22], and γ is the determinant of the induced metric on
the string world sheet Σ given by
γab = gµν
∂xµ
∂λa
∂xν
∂λb
, (10)
where γ = det γab. Associated with the string world-
sheet we have the string bivector [20, 21] defined by
Σµν = ǫAB
dxµ
dλA
dxν
dλB
, (11)
where ǫAB is the two-dimensional Levi-Civita symbol. It
is useful to write the bivector, in terms of the unit vectors,
as
Σµν = rˆµvˆν − vˆµrˆν , (12)
and the condition that the world-sheet are timelike, i.e.,
γ = 12Σ
µνΣµν < 0 implies that only the Σ
ur component
is nonzero. Therefore one obtains
ΣµcΣνc = vˆ
µvˆν − rˆµrˆν . (13)
3The string energy momentum tensor for a cloud of strings
is [20, 21]
Tµν = ρ (γ)
−1/2ΣcµΣcν , (14)
where ρ is the proper density of a string cloud. The
quantity ρ (γ)−1/2 is the gauge invariant quantity called
the gauge-invariant density. The string is characterized
by a surface-forming bivector Σµν , and conditions to be
a surface-forming are
Σµ[αΣβγ] = 0,
∇µΣµ[αΣβγ] = 0, (15)
where the square brackets indicate anti-symmetrization
in the enclosed indices. The above equations, in conjunc-
tion with Eqs. (12) and (15), lead to the useful identity
ΣµσΣστΣ
τν = γΣνµ, (16)
which will be used in the later calculations. Further
T µν ;µ = 0 implies that
∂µ(
√−gρΣµσ) = 0. (17)
We are seeking spherically symmetric solutions, which
restrict the density ρ, and the bivector Σµν as function
of v, and r only. Further the only possible surviving
component of the bivector Σ is Σvr = −Σrv. Thus T vv =
T rr = −ρΣvr, and from Eq. (17), we obtain ∂r(rnT vv ) = 0
which implies
T vv = T
r
r =
S(v)
rn
, (18)
where S(v) is function of v. The energy momentum of the
two fluid system is Tµν = T
(n)
µν +Tµν , where T
(n)
µν = ζlµlν .
It is the null fluid tensor corresponding to the component
of the matter field that moves along the null hypersur-
faces v = const. The effective energy momentum tensor
for the two-fluid system, in terms of the unit vectors, can
be cast as:
Tµν = ζlµlν + ρvˆµvˆν + pr rˆµrˆν . (19)
Furthermore, the energy momentum tensor considered is
of the special case T vr = 0, which means that from the
field equation Gvr = 0 we get A(v, r) = g(v). However,
by introducing another null coordinate v =
∫
g(v)dv, we
can always set, without any loss of generality, A(v, r) = 1
(see also [18]).
III. THE EINSTEIN LOVELOCK ACTION AND
FIELD EQUATIONS
Lovelock gravity is the most general second order grav-
ity theory in higher dimensional spacetimes, and it is free
of ghosts when expanding in space [1]. The Lovelock ten-
sor is nonlinear in the Riemann tensor and differs from
the Einstein tensor only if the spacetime has more than
four dimensions (4D). The action which describes the
third order Lovelock gravity, without a cosmological con-
stant in N dimensions, reads [1]
IG =
1
2
∫
M
dxN
√−g [R+ α2LGB + α3L(3)]+IM , (20)
where
LGB = RµνγδRµνγδ − 4RµνRµν +R2, (21)
is the Gauss-Bonnet (GB) Lagrangian, and
L(3) = 2RµνσκRσκρτRρτ µν + 8RµνσρRσκντRρτ µκ
+ 24RµνσκRσκνρR
ρ
µ + 3RR
µνσκRσκµν
+ 24RµνσκRσµRκν + 16R
µνRνσR
σ
µ
− 12RRµνRµν +R3, (22)
is the third order Lovelock Lagrangian. Here R, Rµνγδ
and Rµν are the Ricci scalar, Riemann and Ricci tensors,
respectively. Variation of the action with respect to the
spacetime metric gµν yields the Einstein-Gauss-Bonnet-
Lovelock (EGBLL) equations
GEµν + α2G
GB
µν + α3G
(3)
µν = Tµν , (23)
where α2 and α3 are second and third order Lovelock
coefficients, and GEµν is the Einstein tensor, while G
GB
µν
and G
(3)
µν are second and third order Lovelock tensors
given explicitly as [2]
GGBµν = 2 (−RµσκτRκτσν − 2RµρνσRρσ − 2RµσRσν +RRµν)
− 1
2
LGBgµν , (24)
and
G(3)µν = −3
(
4RτρσκRσκλρR
λ
ντµ − 8RτρλσRσκτµRλνρκ
+ 2R τσκν RσκλρR
λρ
τµ −RτρσκRσκτρRνµ + 8RτνσρRσκτµRρκ
+ 8RσντκR
τρ
σµR
κ
ρ + 4R
τσκ
ν RσκµρR
ρ
τ − 4R τσκν RσκτρRρµ
+ 4RτρσκRσκτµRνρ + 2RR
κτρ
ν Rτρκµ + 8R
τ
νµρR
ρ
σR
ρ
τ
− 8RσντρRτσRρµ − 8RτρσµRστRνρ − 4RRτνµρRρτ
+ 4RτρRρτRνµ − 8RτνRτρRρµ + 4RRνρRρµ −R2Rνµ
)
− 1
2
L(3)gµν .
The constants α2 and α3 will help us track the changes in
the equations, when we compare with the corresponding
equations of GR. We are interested in the exact solutions
of black holes in Lovelock theory coupled to a string cloud
which will be shown to be generalizations of the earlier
solutions. To achieve this, we need solve the EGBLL
equations (23) for the spherically metric ansatz (4). In
this case only diagonal and one off-diagonal (r, v) EGBLL
4equations survive. It is enough to solve the (v, v) compo-
nent of the EGBLL field equations (23), which amounts
to the equation
− (N − 2)
2r2
[(
1 + 2
αψ(v, r)
r2
+
β ψ(v, r)2
r4
)
rψ′(v, r)
− ψ(v, r)
(
(N − 3) + (N − 5)αψ(v, r)
r2
+
(N − 7)β ψ(v, r)2
3r4
)]
= T vv ,
and the (r, v) equation takes the form
− (N − 2)
2r
(
1 + 2
αψ(v, r)
r2
+
β ψ(v, r)2
r4
)
ψ˙ (v, r) = T rv ,
(25)
in which a dot and a prime denote, respectively, deriva-
tives with respect to v and r. In the above the func-
tions ψ(v, r) = 1 − f(v, r), α = (N − 3) (N − 4)α2 and
β = (N − 3) . . . (N − 6)α3. In three and four dimensions
Lovelock theory coincides with Einstein general relativ-
ity, e.g., for N = 4, we get
− rf ′ (v, r) + 1− f (v, r) = S(v), (26)
which clearly is α and β independent, and therefore it will
be the Einstein equation in 4D admitting the solution
f(v, r) = 1− 2M(v)
r
− S(v), (27)
where the function M(v) arises due to integration and
this is the famous Vaidya solution with a cloud of strings
in the background [24], and goes over to Letelier model
[20] when M(v) and S(v) are constants. The above so-
lution can be identified as radiating black hole space-
time associated with a spherical mass M(v) centered at
the origin of the system of coordinates, surrounded by a
spherical cloud of strings.
In higher dimensions (HD), the Lovelock gravities are
actually different. In fact, for N > 4 Einstein gravity can
be thought of as a particular case of Lovelock gravity
since the Einstein-Hilbert term is one of several terms
that constitute the Lovelock action. Hence, for N > 4
and α = β = 0, we obtain
(N−2)r(N−4) [rf ′(v, r) − (N − 3) (1− f(v, r))] = 2S(v),
(28)
which admits a solution
f (v, r) = 1− 2M(v)
(N − 3)rN−3 −
2S(v)
(N − 2)rN−4 . (29)
We also observed that the above four dimensional solu-
tion (27) is recovered in the limit N → 4. From the (r, v)
component of (25), we obtain the energy density of the
fluid as
ζ(v, r) =
(N − 2)
(N − 3)rN−2
dM
dv
+
1
r(N−3)
dS
dv
. (30)
It may be noted that the N -dimensional solution (29)
outlined here contains the N -dimensional version of, for
instance, the Vaidya metric [18, 25] (when S(v) = 0).
The solution (29) can be identified as the HD version of
the Vaidya solution with clouds of strings in the back-
ground. In particular, in the 4D case, the solution (29)
reduces to (27). The static black hole solutions, in both
HD [14] and in 4D [20], can be recovered by setting
M(v) = M, S(v) = S, with M and S being constants,
in which case the matter is Type I.
In order to study the general structure of the solution
given in (29), we look for the essential singularity. It
is seen that the Kretschmann scalar for the metric (4)
reduces to
K = RabcdRabcd = f ′′(v, r)2 + 2(N − 2)f
′(v, r)
r2
+2(N − 2)(N − 3)f(v, r)
2
r4
, (31)
which on inserting (29) becomes
K = 4(N − 2)
2(N − 1)(N − 3)
r2N−2
M2(v)
+
8(N − 3)2(N − 2)
r2N−3
M(v)S(v)
+
(N4 − 12N3 + 55N2 − 144N + 92)
(N − 2)2r2N−4 S
2(v), (32)
which clearly diverges as r → 0 indicating the scalar
polynomial or essential singularity at r = 0. In the
higher dimensional case, a fact which deserves to be em-
phasized is that the cloud of strings alone (M(v) = 0),
unlike in 4D, can have an apparent horizon located at
rEH = (2S(v)/(N − 2))1/(N−4). Thus we have extended
the Letelier [20] solutions to nonstatic higher dimensional
spacetimes.
IV. THE EGB CASE (α2 6= 0 AND α3 = 0)
The simplest case in Lovelock theory arises when we
choose α3 = 0, which is the well-known EGB theory that
embodies nontrivial dynamics for the gravitational field
in five-(or higher) dimensional theories. The static spher-
ically symmetric black hole solutions of EGB theory were
first obtained by Boulware and Deser [3]. We wish to find
the general solution of the Einstein equations for the mat-
ter field given by Eq. (19) for the metric (4). Eq. (18)
with α3 = 0 takes the form
− (N − 2)
2r2
[(
1 + 2
αψ(v, r)
r2
)
rψ′(v, r)
− ψ(v, r)
(
N − 3 + (N − 5)α (ψ(v, r))
r2
,
)]
= T vv (33)
which may be called the EGB equation. This equation
admits a general solution in arbitrary dimensions N as
5follows
f± (v, r) = 1+
r2
2α
(
1±
√
1 +
4αM(v)
(N − 2)rN−1 +
8αS(v)
(N − 2)rN−2
)
,
(34)
where M(v) is an arbitrary function of v. The special
case in whichM(v) is a nonzero constant we call the GB-
Schwarzschild solution [3], for which the global structure
is presented in [26]. There are two families of solutions
which correspond to the sign in front of the square root
in Eq. (34). We call the family which has the minus
(plus) sign the minus- (plus+) branch solution. From
the (r, v) component of (25), we obtain the energy den-
sity of the fluid which is again given by (31) for both
branches, where the dot denotes the derivative with re-
spect to v. In order for the energy density to be non-
negative, M˙ ≥ 0 must be satisfied. In the static case
M˙ = S˙ = 0, the solution (34) reduces to the solution
which was obtained in [28], and for N = 5 to the re-
sults in [9]. Further, M˙ = S(v) = 0, the solution (33)
reduces to the EGB black hole, independently discovered
by Boulware and Deser [3]. It may be noted that similar
solutions in five dimensions were reported in [10]. Also
a similar kind of solution in arbitrary dimensions, but in
different context, has been discussed in [13, 14]. Asymp-
totically, the minus branch of the solution (34) goes to
HD general relativistic limit α→ 0, and as it is expected
the minus-branch solution in this limit looks like Eq. (29).
There is no such limit for the plus-branch solution. We
will restrict our discussion to the most generic situation,
i.e., we shall consider the solution with the general rela-
tivistic or minus-branch. Finally, when the string cloud
background is switched off we recover the EGB-Vaidya
solution [12, 27] from the Eq. (34).
To see the asymptotic behavior of the solution (34),
we take the limit r →∞ or M(v) = S(v) = 0 in (34), to
obtain
lim
r→∞
f+ (v, r) = 1 +
r2
α
, and lim
r→∞
f− (v, r) = 1,
which means the plus+ branch of the solution (34) is
asymptotically de Sitter (Anti-de Sitter) depending on
the sign of α (±) whereas the minus- branch of the solu-
tion (34) is asymptotically flat. Further, it is seen that
the Kretschmann scalar (32) diverges as r → 0 indicating
a scalar polynomial singularity.
A. Energy Conditions
The family of solutions discussed here, in general, be-
longs to a Type II fluid defined in [28]. WhenM =M(r),
we have µ = 0, and the matter field degenerates to a
type I fluid [17]. In the rest frame associated with the
observer, the energy density of the matter is given by
ζ = T rv , ρ = −T vv = T rr =
S(v)
r(N−2)
, (35)
and the principal pressures are Pi = T
i
i (no sum conven-
tion). Therefore Pr = T
r
r = −ρ and Pθi = 0. a) The
weak energy conditions : The energy momentum tensor
obeys the inequality Tabw
awb ≥ 0 for any timelike vec-
tor, i.e., ζ ≥ 0, ρ ≥ 0, Pθ1 = Pθ2 = . . . = Pθ(N−2) ≥ 0.
The strong energy condition and the weak energy con-
ditions, for a Type II fluid, are identical [17]. b) The
dominant energy conditions : For any timelike vector wa,
T abwawb ≥ 0, and T abwa is a non-spacelike vector, i.e.,
ζ ≥ 0, ρ ≥ Pθ1 , Pθ2 = . . . = Pθ(N−2) ≥ 0. Clearly, (a) is
satisfied if S(v) ≤ 0. However, ζ > 0 gives the restric-
tion on the choice of the functions M(v) and S(v). From
Eq. (30), we observe ζ > 0 requires
(N − 2)
(N − 3)rN−2
dM
dv
+
1
r(N−3)
dS
dv
> 0. (36)
This, in general, is satisfied, if dM/dv > 0 and dS/dv >
0. On the other hand, the dominant energy conditions
hold if S(v) ≤ 0, and the function M(v) is subject to the
condition dM/dv > 0 and dS/dv > 0.
V. RADIATING BLACK HOLE HORIZONS
In this section, we study the structure and location of
the horizons and compare them with general relativity
by using the solution obtained in the previous section.
We consider the minus-branch solution in order to com-
pare with the general relativistic case. The line element
of the radiating black hole in EGB gravity has the form
(4) with f(v, r) given by Eq. (33) and the energy momen-
tum tensor (19). We can define a timelike limit surface
as locus where g(∂v, ∂v) = gvv = 0 where ∂/∂v is a time-
like vector and L = −dM/dv, and M(v) is the mass of
the black hole. It is known that the apparent horizon
coincides with the timelike limit surface [29].
The luminosity due to loss of mass is given by LM =
−dM/dv, LM < 1 [29], and due to clouds of string by
LS = −dS/dv, where LM , LS < 1. Both are measured
in the region where d/dv is timelike. In order to further
discuss the physical nature of our solutions, we need to
introduce their kinematical parameters. We assume v =
constant is an in-going null surface with a future-directed
null tangent vector la. Then we define a future-directed
null geodesic by tangent vector na such that
lµl
µ = nµn
µ = 0, nµl
µ = −1, lµ γµν = 0. (37)
The metric at v = constant will be (N − 2)-dimensional,
say γab, and let the spacetime metric be gµν . Following
York [29–32] a null vector decomposition of the metric
(4) is of the form
gµν = −lµnν − nν lµ + γab, (38)
6where
lµ = δ
v
µ, nµ =
1
2
f(v, r)δva + δ
r
a,
γµν = r
2δθ1µ δ
θ1
ν + r
2
N−1∑
i=2



i−1∏
j=1
sin2(θj)



 δθia δθib ,
with f(v, r) given by Eq. (33). The optical behavior of
the null geodesic congruences is governed by the Ray-
chaudhuri equation
dΘ
dv
= KΘ−Rµν lµlν − (γcc)−1Θ2 − σµνσµν + ωµνωµν ,
(39)
with expansion Θ, twist ω, shear σ, and surface grav-
ity K. Here Rµν is the N -dimensional Ricci tensor and
γcc is the trace projection tensor for null geodesics. The
expansion of the null rays parameterized by v is given by
Θ = ∇µnµ −K, (40)
where the ∇ is the covariant derivative and the surface
gravity is
K = −lµnν∇νnµ. (41)
The apparent horizon is the outermost marginally
trapped surface for the outgoing photons, which can be
either null or spacelike, that is, it can ‘move’ causally or
acausally [29, 31] Using Eqs. (33), (39) and (41) we get
K =
1
2
∂f
∂r
. (42)
Then Eqs. (33), (39), (40), and (41) yield the expansion
parameter [27, 32]
Θ =
(N − 2)
2r
f(v, r). (43)
The apparent horizons are defined as surfaces such that
Θ ≃ 0 which implies that f(v, r) = 0 and which is equiv-
alent to g(∂v, ∂v) = gvv = 0; hence the two surfaces co-
incide for the spherically symmetric case. However, they
may be different for axially symmetric black holes.
The apparent horizon for 4D GR is give by 1 −
2M(v)/r − S(v) = 0, which admits a real root
r4DAH =
2M(v)
1− S(v) . (44)
In the limit, S(v) → 0 then r4DAH → 2M(v) and as
M(v) → 0 no horizon exists. Thus the cloud of strings
alone, in the 4D case, does not have a horizon and hence
naked singularity at r = 0. Next we are going to cal-
culate apparent horizons for the higher dimensional case
which, if they exist, are given by zeros of f(v, r) = 0, i.e.,
we need to look for a solution
1− 2M(v)
(N − 3)rN−3 −
2S(v)
(N − 2)rN−4 = 0. (45)
In the HD GR case, a fact which deserves to be empha-
sized is that the cloud of strings alone, unlike in 4D, can
have an apparent horizon located at
rSAH =
2S(v)
(N − 2)1/(N−4) .
The apparent horizon is located at, e.g. in the 5D case,
at r5DAH = S(v) ±
√
M(v) + S(v)2 with S(v) = S(v)/3
and at r6DAH = η(v)
1/3/6 + S(v)/η(v)1/3 with η(v) :=
72M(v) + 6
√
144M(v)2 − 6S(v)3 for the 6D case. Thus
in order to have horizon in 6D or r6DAH to be real valued,
we must have 144m(v)2 ≥ 6S(v)3, otherwise we have no
horizons and only a naked singularity.
EGB case: From (43) it is clear that the apparent
horizon is the solution of
1 +
r2
2α
(
1±
√
1 +
4αM(v)
(N − 2)rN−1 +
8αS(v)
(N − 2)rN−2
)
= 0.
(46)
It is clear that (47) may not obviously admit simple
closed solutions. However, it is easy to get solutions in
the 5D and 6D cases as
r5DGBAH = S(v)±
√
M(v)− α+ S(v)2,
r6DGBAH =
ξ(v)1/3
6
+
(S(v)− 2α)
ξ(v)1/3
ξ(v) = 27M(v) + 3
√
γ(v). (47)
with γ(v) = 18M(v)2−24S(v)3+144αS(v)2−288α2S(v).
In the relativistic limit α → 0, with S(v) = 0, r5DAH →√
M(v). Further, the solutions have the right limit when
S(v) = 0 and/or α = 0 and for the 5D case we regain the
solution obtained in [27]. We see that gvv(v, rAH) = 0 at
the apparent horizons implies that they are also timelike
surfaces. It is clear that presence of the coupling constant
of the Gauss-Bonnet term α and string clouds in back-
ground produce a change in the location of the apparent
horizon. Such a change could have a significant effect in
the dynamical evolution of the black hole horizon. For
an outgoing null geodesic r = rAH , is given by
r˙ =
dr
dv
=
1
2
f(v, r). (48)
For the EGB case, differentiating (48) with respect to v,
we obtain
r¨ =
d2r
dv2
=
rr˙ Σ(v, r)
4α
+
4αr2
Σ(v, r)
[ LM
(N − 2)r(N−1)
+
LS
(N − 2)r(N−2) +
(N − 1)M(v)r˙
(N − 2)rN +
2S(v)r˙
r(N−1)
]
, (49)
with
Σ(v, r) =
(
1±
√
1 +
4α˜2M(v)
(N − 2)rN−1 +
8α˜2S(v)
(N − 2)rN−2
)
.
(50)
7At the timelike surface or apparent horizon r = rAH ,
r˙ = 0 and r¨ > 0 for LM > 0 and LS > 0. Hence the
photon will escape from the r = rAH and reach an ar-
bitrary large distance, which confirms that the surface
r = rAH is an apparent horizon not an event horizon.
Thus the apparent horizon is the outermost maximally
trapped surface for an outgoing photon. On the other
hand, the event horizon is a null three-surface which is
the locus of outgoing future-directed null geodesic rays
that never manage to reach arbitrarily large distances
from the black hole and are different from the appar-
ent horizon for radiating black holes. They are deter-
mined via the Raychaudhuri equation; it can be seen to
be equivalent to the requirement that d2Θ/dv2 ≈ 0 to
O(LM , LS) [29, 31, 32]. It can be shown that the expres-
sions for event horizons are the same as apparent hori-
zons, but M(v) and S(v) replaced by M∗(v) and S∗(v),
where
M∗(v) ≈M(v)− LM
κ
, S∗(v) ≈ S(v)− LS
κ
. (51)
Therefore a new region (rEH < r < rAH), called the
quantum ergosphere [29] exists for radiating black holes,
which is absent in the static black holes. In this region
photons are locally trapped but, being outside the event
horizon, they can cross the apparent horizon at a later
time and propagate to infinity. It turns out that because
of evaporation apparent and event horizons, coincide for
the static Schwarzschild solution. Finally, the Hawking
temperature near the apparent horizon can be obtained
through the relation T = κ/2π.
VI. CONCLUSION
Lovelock theory is a natural extension of Einstein’s GR
to higher dimensions in which the first, second and third
order terms correspond, respectively, to the higher di-
mensional GR and EGB gravity and third order Lovelock
gravity. In this paper, we have obtained exact radiating
black holes in the background of a cloud of strings in ar-
bitrary N dimensions in these theories. Thus we have
explicit nonstatic radiating black hole solutions in these
theories. The black holes are characterized by mass the
M(v), the string cloud function S(v) and the parameters
α and β, and the solutions are asymptotically dS (AdS).
We have used the solutions to discuss the consequence
of the GB term and string clouds on the structure and
location of the horizons for radiating black holes. By
defining all kinematical parameter in terms of null vec-
tors, and using the definition suggested by York [29], we
have investigated the structure and locations of horizons
for both the GR and EGB cases. The apparent horizons
are obtained exactly and event horizons are obtained to
first order in the luminosity using the method developed
by York [29]. We have shown that a radiating black hole
has three important horizon-like loci that full character-
ize its structure, viz. apparent horizon, event horizon
and a timelike limit surface; we have the relationship of
the three surfaces rEH < rAH = rTLS and the region
between the apparent horizon and event horizons is de-
fined as the quantum ergosphere [29]. The presence of the
coupling constant of the Gauss-Bonnet terms and string
clouds produce a change in the location of these hori-
zons. Such a change could have a significant effect in the
dynamical evolution of these horizons.
The static black hole solutions in Eddington-
Finkelstein coordinates, in both HD and in 4D, can be
recovered by setting M(v) = M, S(v) = S, with M
and S as constants in which case f(v, r) → f(r). In the
static limit, we can obtain from the metric (4), the usual
spherically symmetric form
ds2 = −f(r) dt2 + dr
2
f(r)
+ r2d (ΩN−2)
2 , (52)
by the coordinate transformation
dv = A(r)−1
(
dt+ ǫ
dr
f(r)
)
. (53)
In the case of spherical symmetry, even when f(r) is re-
placed by f(t, r), we can cast the metric in the form (4)
[33].
A rigorous formulation and proof for the cosmic cen-
sorship conjecture is far from our reach. Hence, exam-
ples or counterexamples remain the only tool to study
the various aspects of this important conjecture. How-
ever, the lack of exact solutions, suitable to study gravi-
tational collapse from the viewpoint of cosmic censorship
makes progress very difficult. As a consequence, we are
far from completely understanding even the simple case
of spherical symmetry. The solutions presented here are
dynamical which are suitable for such studies and can be
useful to get insights into more general gravitational col-
lapse situations, and, in general, a better understanding
of the conjecture that may help to formulate it in precise
mathematical form.
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Appendix: Radiating black hole in third order
Lovelock theory
In the present section, we proceed to consider third
order Lovelock theory, i.e., we choose both α and β to be
nonzero. If N ≥ 7, with both α β nonzero, the role of
the third order Lovelock term as well as the second order
8Gauss-Bonnet term will be nontrivial to the gravitational
dynamical equations. Hence, the radiating black holes
governed by the Eq. (25), can be integrated in arbitrary
dimension N ≥ 7 and solution can be expressed as:
f(v, r) = 1 +
α r2
β
− 2r
2N+4(β − α2)(N − 2)
βrN∆(v, r)1/3
+
∆(v, r)1/3
2βrN (N − 2) , (A.1)
with
∆(v, r) = 4(N − 2)2βrN
√
Ξ+
(
β − 2α
2
3
)
(N − 2)3αr3N+6
− 2r2N+7β2χ(v, r)(N − 2)2,
Ξ(v, r) = 36χ(v, r)r2N+14β2
+ 4rNβ(N − 2)2r3N+12
− 3α2(N − 2)2r4N+12 − 36
(
β − 2α
2
3
)
(N − 2)αr3N+13χ(v, r),
χ(v, r) = S(v)r − M(v)
6
. (A.2)
The special, but interesting case β = 2α2/3, immensely
simplifies the above solutions as
f(v, r) = 1+
3r2
2α
+
(
9
8
) 1
3 r2N+4(N − 2)
rN∆(v, r)1/3
+
3
1
3∆(v, r)1/3
2α2rN (N − 2) ,
(A.3)
where
∆ = α2 (N − 2)2
[√
8
√
3δrN + 12α2r2N+7χ(v, r)
]
,
δ =
√
α2
(
rN (N − 2)2 r12+3N − 9
8
r12+4N (N − 2)2 + τ(v, r)
)
,
(A.4)
with τ(v, r) = 6χ(v, r)2rN rN+14α2 and χ(v, r) =
S(v)r − M(v)/6. Another interesting case arises when
β 6= 0 but α = 0, which can be identified as Einstein-
Lovelock theory. In this case the solution further simpli-
fies to
f(v, r) = 1 +
∆1/3
2βrN (N − 2) −
2r(N+4)(N − 2)
∆1/3
, (A.5)
with
∆ = −4r7 (6S(v)r +M(v)) + (N − 2)2β2r(2N+6)
× 4√
β
√
4(N − 2)2r(2N) + βr2 (6S(v)r +M(v))2.
(A.6)
Thus we obtain a kind of radiating Vaidya black hole
spacetime, with clouds of string, in third order Love-
lock gravity by solving Eq. (25). When the dimension
of spacetime is five, that is N = 5, and M(v), S(v) con-
stants, the solution reduces to the one reported by some
authors in Ref. [28]. In N = 4 and S(v) = 0, the so-
lution is just the familiar Vaidya solution [15] of general
relativity.
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